


















Quasinormal modes of a Schwarzschild black hole surrounded by quintessence:
Electromagnetic perturbations
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We evaluated the quasi-normal modes of electromagnetic perturbation in a Schwarzschild black
hole surrounded by quintessence by using the third-order WKB approximation. Due to the presence
of quintessence, Maxwell field damps more slowly.
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I. INTRODUCTION
The study of QNMs of black hole has a long history[1]-[12] since they were first pointed out by Vishveshwara[13] in
calculations of the scattering of gravitational waves by a black hole. Many techniques have developed to calculate the
QNMs of black holes since the Chandrasekahar and Deweiler[14] succeeded in finding some of the Schwarzschild QN
frequencies by the way of integration of the time independent wave equation such as WKB approximation[15]-[21],
the “potential fit”[22], and the method of continued fractions which developed by Leaver[23]. In this paper, we use
third-order WKB approximation.
Recently,V.V.Kiselev[24] considered Einstein’s field equations for a black hole surrounded by the quintessential matter
and obtained a new solution which depends on the state parameter wq of the quintessence. And Songbai Chen et
al[25] has evaluated the quasinormal frequencies of massless scalar field perturbation around the black hole which is
surrounded by quintessence. The result shows that due to the presence of quintessence, the scalar field damps more
rapidly.
In this paper, we are absorbed in electromagnetic perturbation.
II. ELECTROMAGNETIC PERTURBATIONS













)−1dr2 − r2(dθ2 + sinθ2dφ2), (1)






, and ρq is the density of quitenssence. The evolution is given by Maxwell’s equations:
Fµν;ν = 0, Fµν = Aν,µ −Aµ,ν (2)
The vector potential Aµcan be expanded in four-dimensional vector spherical harmonics(see Ref.[26]):
























Where l is the angular quantum number, m is the azimuthal number. The first column has parity (−1)l+1 and the
second (−1)l.





)−1 , we can get
d2
dr2∗
Φ(r) + (ω2 − V )Φ(r) = 0 (4)
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2where Φ(r) = alm for parity (−1)l+1 and Φ(r) = r2/l(l + 1)(−iωhlm − df lm/dr) for parity (−1)l, see Ref.[26] for
further details.
The potential V is given by











In this paper, we use the third-order WKB approximation method devised by Schutz, Will[15] and Iyer[16].The





































































































Take M = 1, c = 0.001 and M = 1, c = 0 for our calculation. And c = 0 means there is no quintessence. Using the
third-order WKB approximation, we can get the solutions as the table 1 and table 2 shows. Where l is the angular
harmonic index, n is the overtone number, ω is the complex quasinormal frequencies, wq is the quintessential state
parameter.
The variation of the effective potential with respect to the quintessential state wq parameter for fixed l = 5 and
c = 0.001 is shown in Fig. 1.
TABLE I: The quasinormal frequencies of electromagnetic perturbations in the Schwarzshild black hole without
quintessence(c=0).
l n ω l n ω
2 0 0.45713− 0.09507i 4 0 0.85301− 0.09587i
1 0.43583− 0.29097i 1 0.84114− 0.28934i
2 0.40232− 0.49586i 2 0.81956− 0.48700i
3 0.36050− 0.70564i 3 0.79094− 0.68923i
4 0.75697− 0.89502i
3 0 0.65673− 0.09563i 5 0 1.04787− 0.09598i
1 0.64147− 0.28980i 1 1.03815− 0.28911i
2 0.61511− 0.49006i 2 1.01997− 0.48525i
3 0.58141− 0.69555i 3 0.99513− 0.68511i
4 0.54160− 0.90426i 4 0.96518− 0.88840i














FIG. 1: Variation of the effective potential for the maxwell field in the Schwarzshild black hole surrounded by quintessence
with r for l = 5, c = 0.001 and wq = −1/3,−0.9,−1.
TABlE II:The quasinormal frequencies of electromagnetic perturbations in the black hole surrounded by quintessence
for l = 2, l = 3, l = 4, l = 5 and c = 0.001.
l = 2
3wq + 1 ω(n = 0) ω(n = 1) ω(n = 2) ω(n = 3)
0 0.45646− 0.09488i 0.43521− 0.29039i 0.40178− 0.49486i 0.36006− 0.70422i
-0.4 0.45609− 0.09476i 0.43487− 0.29004i 0.40148− 0.49426i 0.35981− 0.70337i
-0.8 0.45552− 0.09460i 0.43434− 0.28954i 0.40101− 0.49341i 0.35942− 0.70215i
-1.2 0.45461− 0.09438i 0.43352− 0.28885i 0.40031− 0.49221i 0.35886− 0.70042i
-1.6 0.45321− 0.09410i 0.43228− 0.28794i 0.39931− 0.49056i 0.35809− 0.69799i
-2.0 0.45103− 0.09379i 0.43050− 0.28680i 0.39796− 0.48827i 0.35709− 0.69441i
l = 3
3wq + 1 ω(n = 0) ω(n = 1) ω(n = 2) ω(n = 3) ω(n = 4)
0 0.65576− 0.09544i 0.64053− 0.28922i 0.61423− 0.48907i 0.58062− 0.69415i 0.54090− 0.90243i
-0.4 0.65522− 0.09533i 0.64002− 0.28887i 0.61375− 0.48848i 0.58017− 0.69331i 0.54051− 0.90135i
-0.8 0.65438− 0.09516i 0.63921− 0.28837i 0.61300− 0.48764i 0.57949− 0.69211i 0.53990− 0.89978i
-1.2 0.65308− 0.09494i 0.63796− 0.28769i 0.61185− 0.48646i 0.57845− 0.69043i 0.53900− 0.89758i
-1.6 0.65105− 0.09466i 0.63606− 0.28680i 0.61014− 0.48490i 0.57697− 0.68811i 0.53775− 0.89449i
-2.0 0.64788− 0.09434i 0.63320− 0.28574i 0.60773− 0.48285i 0.57498− 0.68489 0.53611− 0.89000i
l = 4
3wq + 1 ω(n = 0) ω(n = 1) ω(n = 2) ω(n = 3) ω(n = 4)
0 0.85175− 0.09567i 0.83990− 0.28876i 0.81837− 0.48603i 0.78982− 0.68784i 0.75593− 0.89321i
-0.4 0.85105− 0.09556i 0.83921− 0.28841i 0.81771− 0.48544i 0.78919− 0.68701i 0.75535− 0.89213i
-0.8 0.84995− 0.09539i 0.83815− 0.28792i 0.81669− 0.48460i 0.78822− 0.68582i 0.75444− 0.89059i
-1.2 0.84825− 0.09517i 0.83649− 0.28724i 0.81511− 0.48345i 0.78675− 0.68417i 0.75309− 0.88842i
-1.6 0.84560− 0.09489i 0.83394− 0.28636i 0.81274− 0.48192i 0.78459− 0.68194i 0.75115− 0.88545i
-2.0 0.84148− 0.09457i 0.83007− 0.28533i 0.80926− 0.48002i 0.78156− 0.67898i 0.74853− 0.88130i








































FIG. 2: The relationship between the real and imaginary parts of quasinormal frequencies of the electromagnetic perturbations
in the background of the black hole surrounded by quintessence for fixed c = 0.001 and no quintessence for c = 0. × and ∗
refer to the value with quintessence and without quintessence, respectively.
l = 5
3wq + 1 ω(n = 0) ω(n = 1) ω(n = 2) ω(n = 3) ω(n = 4)
0 1.04631− 0.09579i 1.03661− 0.28854i 1.01847− 0.48427i 0.99370− 0.68373i 0.96381− 0.88661i
-0.4 1.04544− 0.09568i 1.03576− 0.28819i 1.01764− 0.48369i 0.99290− 0.68290i 0.96305− 0.88554i
-0.8 1.04410− 0.09551i 1.03444− 0.28769i 1.01636− 0.48286i 0.99166− 0.68172i 0.96187− 0.88400i
-1.2 1.04201− 0.09529i 1.03238− 0.28701i 1.01437− 0.48171i 0.98977− 0.68009i 0.96008− 0.88187i
-1.6 1.03875− 0.09500i 1.02921− 0.28614i 1.01135− 0.48021i 0.98694− 0.67792i 0.95747− 0.87898i
-2.0 1.03368− 0.09468i 1.02434− 0.28514i 1.00684− 0.47839i 0.98286− 0.67514i 0.95383− 0.87511i
5IV. DISCUSSION AND CONCLUSION
The quasinormal modes of a black hole present complex frequencies that correspond to solutions of the perturbation
equations, which satisfy the boundary conditions appropriate for purely ingoing waves at the horizon and purely
outgoing waves at infinity. The real part of the complex frequencies represents the actual frequency of the oscillation
and the imaginary part represents the damping.
From Fig.1 we see that the peak value of potential barrier gets lower as the absolute wq increases. The data of table
I is obtained by using WKB method in Schwarzschild black hole without quintessence, and table II is under the
quintessence. Explicitly, we plot the relationship between the real and imaginary parts of quasinormal frequencies
with the variation of wq(for fixed c = 0.001), compared with no quintessence. From the fig. 2 we can find that for
fixed c(unequal to 0) and l the absolute values of the real and imaginary parts decrease as the absolute value of the
quintessence state parameter wq increases. It means that when the absolute value of wq is bigger, the oscillations
damps more slowly. And the absolute values of the real and imaginary parts of quasinormal modes with quintessence is
smaller compared with ones with no quintessence for given l and n. That is to say, due to the presence of quintessence,
the oscillations of the Maxwell fields damps more slowly.
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